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Section I — Multiple Choice (10 marks)

12-6i

Realising the denominator of
44+3i

gives:
a) 1.2+2.4i

b) —+—i
c) ———i

d) 1.2-2.4i

The polynomial P(x)=x’ —6x* +13x’ —14x* +12x —8has a root at x =2 of multiplicity 3

and x =—i is also a root. Which of the following is a factorised form of P(x) over the
complex field?

. In the Argand diagram below the points R and S represent the complex numbers w and z,

respectively where ZSOR =90° The distance OS is 2a units, and distance OR is a units.
Which of the following is correct?

a) w=2iz
b) w=iw

d) w=——
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5. Using the method of integration by parts Ixz log, (3x).dx is equal to:

x3

a) 5

(3log,3x~1)+c

x3
b) ?(loge 3x- 1)+c

3

c) %(loge 3x+1)+c

x3
d) ?(—loge 3x+1)+c

6. The equation of the tangent to the rectangular hyperbola xy = ¢
; c .
at the point (cp,——) is:
p

a) x+p'y=2c
b) x+p’y=2cp
¢) x-ply=2c
d) x-p’y=2¢p
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x2 2
7. Given the hyperbola — — 2 —1 then:
144 25

a) eccentricitye = % is and foci are at (i%, O)
. 13 :

b) eccentricity ise = 3 and foci are at (£13,0)
. 13 .

c) eccentricity ise = I and foci are at (£13,0)

d) eccentricity ise = —153 and foci are at (i%, 0)

(x=3)

) X ]
8. The solution to < -3 1is:
-X

a)x<0, 4<x<5
b) x>5, 0<x<4
c) x<2,4<x<6

d) x>6,2<x<4

9. The polynomial equation x* —2x*+1=0hasrootsc, 8 and ¥ .
Which one of the following equations has roots 2+ S +y, a+2L+y, a+[S+2y?
a) x°—8x*+20x-15
b) x*+8x*+20x+15
) x —4x*+4x-1
d) x*+4x*+4x+1
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10. The volume of the solid generated when the area bounded by y =2 and x> =8y is rotated
about the line y = 2 using the method of slicing (and taking slices perpendicular to
the X-axis) is given by:

4

a) V=rf 4—% dx

4
b) V=zf 4—% dx
2 2

o V=x 2-% dx

d) V=77:J-_22 2—— | dx
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Question 11 (15 marks) Marks
2) FindJ.—c—,(—)—S‘,ﬁdG 2]
sin” @

b) Find real numbers 4 and B such that:

3x* +3x-2 A B 1
i > = + + 5 [2]
(x——l)(x+1) x+1 x-1 (x+1)
; 2 _
ii) Hence find ﬁc—i—a’x—zz— x [2]
(x-1)(x+1)
c) Find j__dx__ 3]
N2—-4x-2x"
d) i) Simplify > . 1
if) Sketch the locus of arg(z—1) =3;- [1]
e) Sketch the region in the complex number plane where the inequalities 2]

Iz - Z| <land lz - 1] <2 hold simultaneously.

f) Factorise x* —3x* —10over: ’
i) The rational field [1]
ii) The real field [1]
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Question 12 (15 marks) Marks

a) The graph of y = f(x)is shown below. The graph has two branches and is asymptotic to
the line x =1 and the X- axis.

y=1x)
y
P X
x=1
Sketch the graphs of:
)y=f(-x) (1]
i) f(x+1) [1]
ii) y = f || [1]
1

oy 1 )
iif) y o) [2]

Question 12 continues on the next page



Question 12 continued

b)

d)

Find the square roots of 1+ i3

i) Express z = —-\/2—§-+§ in the form r(cos@+isin @)

i Hence or otherwise find z"in the form x+i
Ly

Given that the polynomial ax’ +bx” +cx+d = Ohas roots ¢, 8 and y,
4

find the polynomial equation with roots &, > and y°.

Prove by Mathematical Induction that a*" — " is divisible by (a—b) for n21

[2]

(1]
[2]

[2]

[3]
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Qliestion 13 (15 marks) Marks

a) The graphs of y = G(x) and y=H (x) are shown below. Note that the graphs

intersect at two points one of which is (0, 1).

y
V= G(x)

y = H(x)
i) Sketch the graph of y = G(x)x H(x) 1]
ii) Sketch the graph of y = Gx)
v x2 2
b) The base of a solid is the ellipseIg +y? =1. Find the volume of the solid [4]

if every cross section perpendicular to the X axis is a right isosceles triangle
with the hypotenuse on the base of the solid.

¢) Find the range of values of k such that x* —3x* —9x+% =0 has:
i) one real solution [2]
ii) three distinct solutions [1]

Question Thirteen continues on the next page
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Question Thirteen continued

d) A particle P of mass m is attached by a light, inextensible rod of length / metres to a fixed
point O. The particle is made to revolve in a horizontal circle of radius r metres, & metres
below O. The angle between the rod and the vertical is a° . The forces acting on the
particle are its weight mg and the tension in the string 7. The particle is moving with
constant angular velocity.

By resolving forces horizontally and vertically show that the

period of motion is given by 2z \/z [3]
g

x2

2
e) The ellipse below has equation —-+ —27—5- =1
a

yA

——<a/ a
b

i) Show that the area of the ellipse is given by 4= 2b e Na* —x*dx [1]
a e

ii) Hence show that 4 =7zab : [1]



Question F ourteen (15 marks)

a) The parametric equation of a curve is given by x =siné, y =cos26. 1
Find the Cartesian equation of the curve.

b) Use a binomial expansion and De Moivre’s Theorem to show that [3]
cos56 =16cos’ @ —20cos’ @ +5cos@

2 2
¢) The hyperbola %—% =11s shown below along with its foci and directrixes.

P is any point on the hyperbola.

ML M /
— 1/ \

5 > S X
v v
i) Find the eccentricity e of the hyperbola ' [1]
ii) Find the equations of the directrices [1]
iii) Show that |PS -PS 'I =c where c is a constant [1]
iv) Find the value of ¢ [1]
d) Find the equation of the tangent to the curve x° +2y* =1 at the point [2]

with coordinates (-1,1)

Question Fourteen continues on the next page



Question 14 continued

e) The comer of a speedway track for motorcycles is an arc of a circle radius » metres. The
corner is banked at angle 8 to the horizontal. The motorcycles travel around the corner at
a constant speed v. The motorcycle has mass m, the forces acting on the motorcycle are
the gravitational force mg, a sideways frictional force F and a normal reaction N from the
track.

+mg

1) By resolving the horizontal and vertical components of force, find [2]
expressions for F cos@ and F'sin @

mv2

cos@ —mgsind [2]
B

ii) Show that F =

iii) The radius of the track is 80 metres and the track is banked at an angle [1]
such that there is no tendency for the motorcycles to slip sideways when

cornering at 100km/h. Find @to the nearest degree. Use g = —10ms™
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Question Fifteen (15 marks)

2 2
a) Find the equation of the chord of contact to the ellipse % +y? =1 [1]
from the point with coordinates (4,-3)
b) i) The polynomial P(x) has a double root atx = o . Show that P'(x) [1]
also has arootat x=a
ii) The polynomial Q(x) = x* —ax® +bx +12has a double root at x =2 [2]

Find the values of ¢ and b

c) A particle moving along the X-axis starts at rest from the origin and
has acceleration given by X =8—kx (where £ is a constant).

When the particle passes through x=12 its acceleration is 4ms™.
1) Find its speed when x = 12 [2]
ii) Find the maximum speed and where it occurs [2]

1

d) Given [, = J dx — for n > 1show that [3]

0(1+x2)

! 2
In=in+2nJ'—-’-‘-—mdx
2 0(1+x2)
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Question Fifteen continues on the next page

Question 15 continued

e) Inthe diagram below PT is a diameter , RU is a tangent at T, WS is a

tangent at Q
P
w
O
Q
R S T U
i) Prove ZQSR =/200T [2]

ii) Prove that S is the centre of a circle that passes through R, Q and T’ [2]
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Question Sixteen (15 marks)

a) i) Show that cos(4+B)+cos(4—B)=2cos Acos B [1]

i1) Hence or otherwise solve: - [3]
cos50+cos@=cos3@for0<0<L2x

b) A solid is formed by rotating the area bounded by the curve y =2 —cos*(x),

and the line y = —;— around the line x =1. The coordinates of the points of

intersection of y =2 —cos” x and y =% are (iﬁ,é) .

=1

y=2-cos(x) N

i) Use the method of cylindrical shells to show the volume of the resulting [2]

solid is given by V' = EJ._Z,, (cos2x)(1-x)dx
T

i) Hence find the exact volume of the solid [2]



Question Sixteen continues on the next page

Question 16 continued

7

c) Given z=r(cos@+isind)prove is real.

2t 472

d) i) A projectile is fired from a point O with initial velocity 16ms™" and angle
of inclination 8. Taking g = —10ms™ show that after ¢ seconds the
displacement equations are given by:

x=16¢cos@

y =16tsin @ - 5¢°
ii) T seconds later a second particle is fired from the same point with the
same velocity but with a different angle of inclination. The two particles

collide at a point 6 metres horizontally from O and 10 metres vertically
above O. Find the value of T.

End of Evamination

[3]

[1]

3]



STANDARD INTEGRALS

1 .
x™ dx = ™ n#-1; x20,ifn<0
J n+1l
(1
= dx =Inx, x>0
Jx
.
e™ dx = =™ a=x0
J
( 1
cosax dx = —sinax, a#0
J a
( 1
sinax dx =—-—cosax, a#0
a
2 1
secax dx = —tanax, a#0
a

3
8
g
8
&
I
|
8
g
Q
#

1 1 1%
dx ==tan1=, a=0
a?+x? a
1 . 1x
dx =sinl=, >0, —a<x<a
02— x2 a

1 dx =1n(x+\/x2—a2), x>a>0

1
J \/x—2:a—2 dx = ln(x+\/x2+a2)

NOTE: Inx =1log,x, x>0
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Question 14 Solutions:

a.
x=sinf y=cos26
y=1-2sin’0

=1-2%°

b.
(cis9)5 =c’ +5c*(is) +10c° (is)* + 5c(is)* + (is)’
cis50 = ¢’ +Sic*s —10c%s* —10ic*s” + 54cs4 +is’
equating real parts:
cos50 =c’ —10c’s” + 5¢s*
=c’-10c*(1-c*) +5¢(1-c*)?
=¢’ =10’ +10¢ +5¢-10c’ + 5¢°
=16¢” —20c® +5¢

C.
b =ad’(e*-1)
9=25(>-1)

—=e-1

iii) PS = ePM (1)
PS'=ePM'(2)
M-
PS—PS' =ePM ~ePM'
|PS - PS|=e|PM - PM |
2a

|PS—P5'|=e><—
e

iv)c=2x5
=10

d.
X +2y° =
3x2+4y£l—Ji—O
dx
dy 2
4y; -3x
dy —3x*
dx 4y
Whenx=-1,y =1
dy -3
a4
y—l——i(x+1)
4
N
4 4
e.

i. Vertically: F'sinf +mg = N cosf
Fsin@=Ncos@-mg (1)

2

Horizontally: Nsin @ + F cos@ = dd
r

mv2

—Nsinf (2)
-

Fcos@ =

ii. 1) xsin@
Fsin®>@ = Nsinfcos@—mgsinf (3)
(2)xcos@

2

Feos*0=""cosd— Nsin@cosd 4)
r
G+
2
F=m—cos0—mgsin9
r
iii. r=80,v=@,F=O
9
2
tand =~
rg
)
_ 9
80x10
_as
645
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